Abstract. It is shown that the creation operator is the only (up to a multiplicative constant) injective weighted shift whose all translations (or at least one) are still injective weighted shifts regardless what the weight sequences and the bases are. Similar result is true for the annihilation operator as well as for the Heisenberg and Schr odinger couples.
Introduction
The creation operator a + = 1 p 2 (x ? d dx ); the classical object of quantum mechanics 1 , has the following remarkable property: for every complex number , the operator a + + I is unitarily equivalent to a + . This observation has been exploited by the second named author in a series of papers 17, 18, 19, 20] where various models for the creation operator have been invented (for applications of this idea in physics see 3, 4] ). If we look at the creation operator as the weighted shift with respect to the orthonormal basis composed of Hermite functions, then we can say that for every complex number , a + + I is a weighted shift, however with respect to a di erent basis. A natural question arises whether this invariance property distinguishes the creation operator among all weighted shifts. In this paper we show that this is the case. Even more, it turns out to be su cient to assume that at least one nonzero translation of a weighted shift is a weighted shift.
The creation operator together with its (at least formally) adjoint, the annihilation one, de ned as a ? = 1 p 2 (x + d dx ) satisfy the commutation relation a ? a + ? a + a ? = I: Because those two operators are the only solutions (under some circumstances 23, 11, 21] ) of the aforesaid commutationrelation we may say that our result shows how spatial properties force algebraic ones to hold. The same somewhat philosophical remark refers to the Heisenberg couple.
Given a linear operator A in a (complex) Hilbert space H, we denote by D(A) the domain of A, by N(A) the kernel of A and by A the adjoint of A. In case A is closable, we write A for the closure of A. A linear subspace E of D(A) is said to be a core for a closable operator A if A = (Aj E ) ? , where Aj E stands for the restriction of A to E. By B(H) we understand the C -algebra of all bounded linear operators on H; I stands for the identity operator on H. Denote by linF the linear span of a subset F of H.
Weighted shifts 1. Suppose S is a closable densely de ned linear operator in a separable Hilbert space H. We say that S is a weighted shift 2 if there exists an orthonormal basis e = fe n g 1 n=0 for H and a sequence f n g 1 n=0 of nonzero complex numbers such that D e = linfe n ; n 0g is a core for S and Se k = k e k+1 for k 0. If this happens, then S is said to be a weighted shift with respect to the basis e, and with weights f n g 1 n=0 . Notice that S = V D, where V is a unique linear isometry on H such 1 let us recommend here, by the way, a beautiful overview 9] of the story of the quantum harmonic oscillator written by mathematicians 2 13] may serve as a rst introduction into bounded case; for unbounded weighted shifts see 6] , 15] and 10] .
that V e n = e n+1 for n 0 and D is a unique normal operator in H such that hf; e n+1 i n e n ; f 2 D(S ): (2) In particular, we have D e D(S ), S e 0 = 0 and S e k+1 = k e k for k 0.
Notice that every two closed weighted shifts with the same weights are unitarily equivalent. Indeed, if S j is a closed weighted shift (acting in a Hilbert space H j ) with respect to an orthonormal basis fe j;n g 1 n=0 , and with weights f n g 1 n=0 , j = 1; 2, then US 1 = S 2 U, where U : H 1 ! H 2 is a unique unitary isomorphism such that Ue 1;n = e 2;n for n 0 (use (1)).
Weighted shifts appear on many occasions; usually one starts with a basis with respect to which an operator is a weighted shift and keeps the basis xed afterwards and this is, maybe, why the following simple question has not attracted any attention. The question is: can an operator be a weighted shift with respect to di erent bases, and with di erent weights or, in other words, how does the de nition depend on choice of an orthonormal basis? In the context of the present paper this question is natural; the answer is in the following Proposition 1. Suppose that a linear operator S in H is a weighted shift with respect to an orthonormal basis fe i;n g 1 n=0 with weights f i;n g 1 n=0 , where i = 1; 2. Then there exists a sequence f n g 1 n=0 of complex numbers such that e 2;n = n e 1;n ; n 0; (3) j 1;n j = j 2;n j; n 0: (4) Proof. Set 1;?1 = 0 and e 1;?1 = 0. Since S e 1;k = 1;k?1 e 1;k?1 for k 0, we get 2;n he 2;n+1 ; e 1;k i = hSe 2;n ; e 1;k i = he 2;n ; S e 1;k i = 1;k?1 he 2;n ; e 1;k?1 i; k; n 0: This leads to he 2;n ; e 1;0 i = 0 for n 1 and he 2;n+1 ; e 1;k+1 i = 1;k 2;n he 2;n ; e 1;k i; k; n 0:
Hence he 2;n ; e 1;k i = 0; n k + 1:
The proof of (3) is by induction on n. It follows form (6) that e 1;0 belongs to the orthogonal complement of the set fe 2;m ; m 1g, so e 1;0 2 C e 2;0 . If e 1;j 2 C e 2;j for j = 0; : : :; n, then by (6) the vector e 1;n+1 belongs to the orthogonal complement of the set fe 2;m ; m 6 = n + 1g, hence e 1;n+1 2 C e 2;n+1 . Finally, condition (4) is a consequence of (5). This completes the proof.
Consider an arbitrary weighted shift S with respect to an orthonormal basis fe n g 1 n=0 with weights f n g 1 n=0 . Set n = 0 1 n?1 j 0 1 n?1 j ?1 for n 1 and 0 = 1. Then one can check that S is a weighted shift with respect to a new orthonormal basis f n e n g 1 n=0 , and with a new weights fj n jg 1 n=0 . In other words, for any weighted shift S we can always nd an orthonormal basis with respect to which S has positive weights.
The main result 2. By an (abstract) creation operator in a Hilbert space H we understand here a closed weighted shift with weights f p n + 1g 1 n=0 . We infer from what we have mentioned in Section 1 that in particular every two creation operators are unitarily equivalent. The basic property of a creation operator S is that all its translations S ? I, 2 C , are still creation operators. This follows from the commutation According to what we have said so far a creation operator S has the property that every its translation S? I, remaining in the class of weighted shifts, is unitarily equivalent to S. Though this invariance property holds, as we show below, also for other classes of operators, within the class of weighted shifts it happens only for the creation operator, and this (that is Theorem 4) is the main conclusion of this paper.
The example which follows indicates a normal operator N which is unitarily equivalent to N ? I for every 2 C (recall that a creation operator is subnormal and irreducible). 3. Below we characterize the creation operator (up to a multiplicative constant) as a closed weighted shift whose all translations are still weighted shifts. Before this we would like to encourage the reader to look at the de nition of weighted shifts once more. (i) for every 2 C , S ? I is a weighted shift, (ii) there exists 2 C n f0g such that S ? I is a weighted shift, (iii) there exists 2 C n f0g such that S is a creation operator. Moreover, if S is a creation operator, then S ? I is a creation operator for every 2 C .
Proof.
(ii))(iii) Suppose S is a weighted shift with respect to an orthonormal basis fe n g 1 n=0 with weights f n g 1 n=0 and, for some 6 = 0, S ? I is a weighted shift with respect to an orthonormal basis ff n g 1 n=0 with weights f n g 1 n=0 . Without any loss of generality we can assume that n > 0 and n > 0 for n 0. Since S ? I is a weighted shift with respect to ff n g 1 n=0 , we get (S ? I) f 0 = 0 or equivalently S f 0 = f 0 . However S is a weighted shift with respect to fe n g 1 n=0 , so by the (1) and (2) (13) via (1) and (2) 
D(S ). Hence Sf 0 2 D(S ), which means that f 0 2 D(S S) \ D(S ). This and (10) lead via
Applying once more (12), we get S f 0 ( ) = 0 & S f n+1 ( ) = p n + 1 f n ( ); n 0: (15) Set E = linff n ( ); n 0g = linfS n f 0 ( ); n 0g. It follows from (14) and (15), that E is invariant for S and S , and T df = (S j E ) is a creation operator in E . Since E is a core for T (cf. 6, (1.11)]) and T j E S , we get T S , hence (T + I) S + I = S and nally N((T + I) ) N(S ) = C e 0 . However dimN((T + I) ) = 1 because T is a creation operator. Thus e 0 2 N((T + I) ). Replacing , S and f 0 ( ) by ? , T and e 0 , respectively, we conclude from T S that D e = linfS n e 0 ; n 0g = linf(T + I) n e 0 ; n 0g D(T + I) D(S). Since D e is a core for S, we have S = Sj De = (T + I)j De T + I S. Hence S = T is a creation operator, which completes the proof.
Remark 5. The way Theorem 4 is stated may suggest that the operator S becomes a creation one with respect to the same basis as it is assumed to be a weighted shift. We have to point out this need not be the case. The only thing we get is these two bases must necessarily be related each to the other as in Proposition 1. However, if S is supposed to be a weighted shift with respect to an orthonormal basis fe n g 1 n=0 (the input basis, say) with positive weights f n g 1 n=0 and 0 = 1, then { according to the proof of (ii))(iii) of Theorem 4 { the basis with respect to which S becomes a creation operator (the output one) coincides with fe n g 1 n=0 .
Corollary 6. Let S be a closed operator in a Hilbert space H. Then the conditions (i) and (iii) of Theorem 4 are equivalent to (ii 0 ) there exist 1 ; 2 2 C , 1 6 = 2 such that the operators S ? 1 I and S ? 2 I are weighted shifts.
Comment. Similar results for the annihilation operator a ? can be easily deduced from Theorem 4 and Corollary 6. They can be formulated just by replacing \weighted shift" by \backward weighted shift" and \creation" by \annihilation" in Theorem 4 and Corollary 6.
4. An immediate interpretation of Theorem 4 can be realized in the context of the Segal-Bargmann space A 2 ( ?1 exp(?jzj 2 ) dxdy) which is composed of all entire functions in L 2 ( ?1 exp(?jzj 2 ) dxdy) (cf. 12, 2]). Let S be an operator in A 2 ( ?1 exp(?jzj 2 ) dxdy) such that S(Z n ) = ! n Z n+1 with ! n being positive, n = 0; 1; : : :, and ! 0 = 1. If for some 6 = 0 the operator S ? I is a weighted shift, then it can be deduced from Theorem 4 and Remark 5 that S must necessarily multiply polynomials by the independent variable Z (i.e., ! n 1), provided the polynomials constitute a core for S.
The Heisenberg and Schr odinger couples 5. Given an orthonormal basis e = fe n g 1 n=0 in H and a sequence of nonzero complex numbers = f n g 1 n=0 , denote by J(e; ) the set of all pairs (Q; P) of closed symmetric operators in H such that D e = linfe n ; n 0g D(Q) \ D(P);
Qe n = n?1 e n?1 + n e n+1 ; n 0; We say that (Q; P) is a Heisenberg couple (with respect to an orthonormal basis e for H) if (Q; P) 2 J(e; ) with n = q n+1 2 , n 0. Heisenberg couples are characterized (up to a multiplicative constant) by the following invariance property. is a Heisenberg couple with respect to e 0 (cf. 6, Section 2] ). This and the equality (Q + I; P + I) = (Q ; P ) complete the proof.
Remark 9. It follows from the proof of (ii))(iii) of Theorem 8 that the observation made in Remark 5 applies here as well. More precisely, 0 = 1 p 2 and n > 0 for n = 1; 2; : : : in the input basis make it to coincide with the output one.
Remark 10. It is worthwhile to notice that the de nition of J(e; ) does not require D e to be a core of either Q or P, (Q; P) 2 J(e; ), and this is maintained by Theorem 8 as well. On the other hand, it follows from the proof of Theorem 8 that if (Q; P) is a Heisenberg couple with respect to an orthonormal basis e, then Q = Qj De , P = Pj De and both the operators Q and P are selfadjoint. So starting in Theorem 8 with a pair of symmetric operators Q and P we conclude with their selfadjointness by the way.
It might be interesting to remind here that (see 6, Section 2]) the operators Q and P are unitarily equivalent.
6. Though the Schr odinger couple, as a unitary image of the Heisenberg one in L 2 (R), behaves in the same way we would like to display this case in more details.
Recall that the Hermite functions h n , n = 0; 1; : : :, are de ned as h n (x) 
